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Abstract. Motivating the perturbations of frames in Hilbert and Ba- 
nach spaces, in this paper we introduce the invariance of Frechet frames 
under perturbation. Also we show that for any Frechet spaces, there is 
a Frechet frame and any element has a series expansion. 



1. Introduction 

Historically, theory of frames appeared in the paper of Duffin and Scha- 
effer in 1952. Around 1986, Daubechies, Grossmann, Meyer and others 
reconsidered ideas of Duffin and Schaeffer [8], and started to develop the 
wavelet and frame theory. Frames for Banach spaces were introduced by K. 
Grochenig [9] and subsequently many mathematicians have contributed to 
this theory [TJ [31 HI [16] . There are some complete spaces which are not Ba- 
nach spaces ( like Frechet spaces). This was the main motivation for frames 
on Frechet spaces. The concept of Frechet frames investigated by Pilipovic 
and Stoeva in [14|, I15j . Like Hilbert and Banach spaces, we will show that 
for any Frechet space we can find a Frechet frame and every element in a 
Frechet space has a series expansion [3]. 

In this manuscript we are interested in the problem of finding conditions 
under which the perturbation of a Frechet frame is also a Frechet frame. 
The following result [2], is one of the most general and also typical results 
about frame perturbations for the whole space T-L which generalizes the main 
results in (6j [7] . 

Theorem 1.1. [2] Let F := {fi}i£i be a frame for rl with bounds A and B, 
and G := {gi}iei is a sequence in 7~L. Suppose that there exist non-negative 
Ai,A2 and fj, with A2 < 1 such that 

II ^2 Cii.fi ~ 9i)\\ < x i\\^2cifi\\ +^211^0^11 +HI C II 
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for each finitly supported c £ ^ 2 (N) and Ai + < 1. Then G is a frame 
for % with bounds 

Ai + A 2 + -f= \ 1 + \ 2 + J^ 

A{ - 1 TTl ] and B{1+ i \ ^ ) 2 - 

2. Frechet frames 

Throughout this paper, (A, ||.||) is a Banach space and (A* , ||.||*) is its 
dual, (0, |||.|||) is a Banach sequence space and (0*, |||.|||*) is the dual of 0. 

Definition 2.1. A sequence space Xd is called a Banach space of scalar 
valued sequences or briefly a BK-space, if it is a Banach space and the coor- 
dinate functionals are continuous on Xd , i.e., the relations x n = {ctj }, x = 

{ctj} £ Xd, limx n = x imply limotj = ay. 

Definition 2.2. Let I be a Banach space and Xd be a BK-space. A 
countable family {gi}iei in the dual X* is called an Xd -frame for X if 

(1) {ffi(/)}^e4V/el; 

(2) the norms \\f\\x and ||{5i(/)}^i \\x d are equivalent, i.e., there exist 
constants A, B > such that 

AII/Ha- < \\{9i{f)}T=i\\x d < B\\f\\ x , V/el 

A and B are called A^ -frame bounds. If at least (1) and the upper condition 
in (2) are satisfied, {gi} ( *L 1 is called an Xd -Bessel sequence for X. 

If A is a Hilbert space and Xd = £ 2 , (2) means that {gi} c *L l is a frame, 
and in this case it is well known that there exists a sequence in A 

such that / = Yl™i(fJi)9i = 52{f,9i)fi- 

Similar reconstruction formulas are not always available in the Banach 
space setting. This is the reason behind the following definition: 

Definition 2.3. Let A be a Banach space and Xd a sequence space. Given 
a bounded linear operator S : Xd — > X, and an Xd -frame {gi} C A*, we 
say that ({ffil^i, S) is a Banach frame for A with respect to Xd if 

(2.1) S({ 9l (f)} = f, V/GA. 



Note that (|2.ip can be considered as some kind of generalized reconstruc- 
tion formula, in the sense that it tells how to come back to / 6 X based on 
the coefficients {gi(f)}^i- 

There is a relationship between these definitions, a Banach frame is an 
atomic decomposition if and only if the unit vectors form a basis for the 
space Xd- The following Proposition states this result. 

Proposition 2.4. [4] Let X be a Banach space and Xd be a BK-space. Let 
{lJi}i^i Q X* and S : Xd — > A be given. Let {ej}^ 1 be the unit vectors in 
Xd- Then the following are equivalent: 
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(1) S) i s a Banach frame for X with respect to Xd and {ei} c *l 1 
is a Schauder basis for Xd . 

(2) ({yi}^ =1 , {S(ei)}^ =1 ) is an atomic decomposition for X with respect 
to X d . 

It is known |4J that every separable Banach space has a Banach frame. 

Theorem 2.5. Every separable Banach space has a Banach frame with 
bounds A = B = 1. 

The main motivation of Frechet frames comes from some sequences {gi} 
which are not Bessel sequences but they give rise to series expansions. For 
Banach space X, let {gi}^i C X* be given and let there exist {fi}f^ 1 C X 
such that the following series expansion in X holds 

oo 

(2.2) / = X>(/)/i, V/el 

»=i 

Validity of (|2.2|) does not imply that {gi}^i is a Banach frame for X with 
respect to the given sequence space. As one can see in the following exam- 
ples. 

Example 2.6. Let {ei}^ =1 be an orthonormal basis for the Hilbert space H. 
Consider the sequence {ft}^! = {ei, ei, 2e2, 3e3, 4e4, ...}. This sequence is 
not a Banach frame for % with respect to £ 2 . However, the series expansion 
in % in the form QT2§ is {fi}Zi = { e i> °> \^ ^e 3 , ±e 4 , ...}. 

Validity of (|2.2p implies that {gi}fl 1 is a Banach frame for X with respect 
to the sequence space {{cj}^ 1 : Yli^i °ifi converges} . 

Recall, a complete locally convex space which has a countable fundamen- 
tal system of seminorms is called a Frechet space. 

Let {Y s , \\.\\ s } s£ ^ be a sequence of separable Banach spaces such that 

(2.3) {0} + n sm Y s C ... C Y 2 C Y 1 C Y 
(2-4) || . ||o<|| • ||i<|| • || 2 < - 

(2.5) Yp := n s£ NV s is dense in Y s Ms G N. 

Then Yp is a Frechet space with the sequence of norms ||.|| s , s£N. We use 
the above sequences in two cases: Y s = X s and Y s = Q s . Let {X s , ||.|| s }seN 
and {0 S , |||.||| s }seN be sequences of Banach and Banach sequence spaces, 
which satisfy ([23 j) - ([2"3]) . For fixed s G N, an operator V : @f -> X F 
is s-bounded if there exist constants K s > such that ||y{cj}^ :1 || s < 
-^IH{ c i}~illU f° r an {cJi^i e ©f- If V" is s-bounded for every s G N, 
then V is called F-bounded. Note that an F-bounded operator is contin- 
uous but the converse dose not hold in general. The book of R. Meise, D. 
Vogt is a very useful text book about Frechet spaces [12]. 
The Banach sequence space is called solid if the condition {ci}°? =1 G and 
\<k\ < \a\ for all i G N, imply that {d;}^ G 6 and WW^JIe < |||{ci}|||e- 



-1 



ASGHAR RAHIMI 



A BK-space which contains all the canonical vectors and for which there 
exists a constant A > 1 such that 

|||{ Ci }tlllle < AIIKql^Hle, Vn G N,V{q}^ € 6 

will be called A-BK-space. A BK-space is called a CB-space if the set of the 
canonical vectors forms a basis. 

Definition 2.7. Let {X s , ||.|| s }seN be a family of Banach spaces, satisfying 
(|2.3p - (|2.5p and let {Q s , |||-|||s}seN be a family of -BAT-spaces, satisfying (|2.3p - 
(|2.5p . A sequence {gi} c j^ 1 C X* F is called a pre-Frechet frame ( a pre-F- 
frame) for Xp with respect to Qf if for every s G N there exist constants 
< A s < B s < oo such that 

(2-6) {9i(f)}Zi G ©F, 

(2-7) ^||/||.<|||{ft(/)}£ 1 |||.<B.||/IU, 
for all / G A^. The constants A s and -B s are called lower and upper bounds 
for {gi}fZi- The pre-F-frame is called tight if A s = B s for all s G N. 
Moreover, if there exists a F-bounded operator S : 6p -> Xp so that 
S ' ({gi(f)}f^i) = f for all / G Xp, then a pre-F-frame {g,} is called a Frechet 
frame ( or F-frame ) for Xp with respect to Qp and S is called an F-frame 
operator of {gi}^i- When (|2.6|) and at least the upper inequality in (|2.7p 
hold, then {gi} c ?i 1 is called a F-Bessel sequence for Xp with respect to Qf. 

Since Ai? is dense in X s for all s 6 N, ^ has a unique continuous extension 
on X s , we show it by gf. Thus gf G A* and <?| = gi on Xp. 

The following Theorem gives some conditions, under which an element 
can be expanded by some elementary vectors. 

Theorem 2.8. [144 HE] Let {X s , ||-|| s }seN be a family of Banach spaces, 
satisfying 112.3]) - {275}) and let {Q s , ||UI|s}seN be a family of CB-spaces, satis- 
fying $2.3\) - {2~5\) and we assume that 0* is a CB-space for every s G N. Let 
{gi}fZi be a pre-F-frame for Xp with respect to Qf. There exists a family 
{fi}i^i C X F such that 

(!) / = E£i 9i(f)fi and g = *£%Ll 9(fi)9i> V/ G Xp and Vg G X* F ; 

(2) / = TZi9t(f)h andg = ET=i9(fi)9t, V/ G A s andV 5 G A s *,Vs G 
N; 

(3) /or ewery s G N, is a 0* -frame for A*. 

i/ and on/y i/ i/iere exists a continuous projection U from Qf onto its sub- 
space {{&(/)}£! : / G A F }. 

The following proposition shows that the pre-Frechet Besselness is equiv- 
alent to the F-boundedness of an operator. 

Proposition 2.9. Let {X s , ||.|| s } se pj be a family of Banach spaces, satisfying 
\2. 3]) - [275]) and /ei {0 S , |||.||| s } s eN be a family of CB-spaces, satisfying 112.3]) - 
\2. 5|) one? we assume that 0* is a CB-space for every s G N. T/ie family 
{gi}i^Li ^ A^ is a pre-Frechet Bessel sequences for Xp with respect to Qf 
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if and only if the operator T : @* F — > X* F defined by T{di}°l 1 = digi is 
well defined and \\T\\ S < B s , for all s G N. 

Proof. First, suppose that {gi}^i C X* F is a pre-Frechet Bessel sequences 
for Xp with respect to ®f. Define the operator 

R : X F -> @ F 

by 

Rf={9i(fmv 

Since {gi(f)}^i is a pre-Frechet Bessel sequence , so ||-R|| S < B s for every 
s G N. The adjoint of R is in the form R* : Q* F — > X F and 

R*{e 3 )f = e 3 {Rf) = e^gj}^) = 9jf 
, so R* ej = gj. Put T = R* , then ||T|| S < B s and 

OO OO OO OO 

i=l i=l i=l i=l 

Conversely, suppose the operator T : Q* F — > X* F defined by T{di}^ =1 = 
digi is well defined and s-bounded for all s G N . It is clear that 
T ei = 9i and T* : X* F * -> 0* F * is (T*/)e< = /(Te<) = /(&)• Therefore 
= {(T*/)ei}~i , i-e. E @f- The s- boundedness of T 

imply that \\\{gi(f)}Zi\\\s <B S . □ 

Similar to Theorem 12 .51 the following Theorem shows that for any Frechet 
space Xp we can construct a Frechet frame. 

Theorem 2.10. Let {X s , ||-|| s }seN be a family of separable Banach spaces 
satisfying \2. 3\) - [2~5\) . Let Xp := HseN^- Then Xp can be equipped with 
a Frechet frame with respect to an appropriately sequence space. 

Proof. Since X s is a separable Banach space for any s G N, there is a se- 
quence {xf}^ C X s , such that = X s . For any f s G X s there is 
a subsequence — )• / s as i — > oo. By Hahn-Banach Theorem, there is 
G X* such that gf(xf) = \\xf\\ and ||^||| = 1. Now, 

114,11 = I4K)I<II4(/ S )II + II/ S - 4,11 

; so < sup ||<?j(/ s )||- Since we also have > supj therefore 

iirii = su P |i^(r)ii, vfei, 

i 

Let Q s C £°° and Q s = {{gi(f s )} : / s G Xj, then {9 s } seN e s satisfies 
Let 9 F := H S6N and S({ 9i (f)}) = f. Then ({g?},S) is a 
Frechet frame for Xp with respect 0^. □ 
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3. Perturbation of Frechet Frames 

Like the results about p-frames [18], Banach frames and atomic decom- 
positions [U [10] , generalized frames [13] , continuous frames [17] , we study 
perturbations of Frechet frames. We need the following assertion. 

Lemma 3.1. [11] Let U : X — > X be a linear operator and assume that 
there exist constants Ai, A2 G [0, 1[ such that 

\\x-Ux\\<\i\\x\\+\ 2 \\Ux\\, ViGl. 

Then U is invertible and 

T^IMI < \\Ux\\ < — , 1 llxll 

1 + A2 1-A2 

I — A2 .1 I, . nn -i I, . 1 + A 2 n H 

\\x\\ < \\U x\\ < \\x\\ 

1 + Ai" 11 - 11 11 " 1-Ai" 11 

for all x G X . 

The simplest assertion about perturbation of F-Bessel sequences is: 

Proposition 3.2. Let Xp be a Frechet space satisfying (l)-(3) and let Qf 
be a Frechet sequence space satisfying (l)-(3) so that Q s is a reflexive CB- 
space for every s. Let {gi} be an Frechet Bessel sequence for Xp with respect 
to Of with bounds B s and let {fi} C X F . 

Assume that {(gi — fi)(f)} G @f, V/ € Xp, and 3Ji s > such that 

(3.1) \\\{(9i-fi)(f)}\\\ s <fls\\fh, V/Gl f 

(i.e. {gi — fi} is an Frechet Bessel sequence for Xp w.r.t. @f). Then {fi} 
is an F-Bessel sequence for Xp w.r.t. @f with bounds B s + J1 S . 
The converse also holds. 

Proof. It is clear that {(/*)(/)} = {(-g t + /*)(/)} + {{g t - /»)(/)} G @ F for 
all / € Xp, also 

\\\{h{f)}\\\s < \\\{(9i ~ fi)(f)}\\\s + \\\{(9i ~ fi)(f)}\\\s < (B s + jls)\\f\\ 
for all s G N, / G Xp. □ 



The following Theorem generalizes a Theorem of [10] to Frechet frames 
and gives a necessary and sufficient condition for the stability of Frechet 
frames. 

Theorem 3.3. Let ({gi},S"j be a Frechet frame for Xp with respect to Of 
with bounds A s and B s . Let {hi} C X F such that G @f for all 

f G Xp and let D : Op ^ Op be a continuous linear operator such that 
D{h n (f)} = {g n {f)}, f G Xp. Then there exists an operator V : @f — > Xp 
such that ({h n },V) is a Frechet frame if and only if for each s G N there 
exists A s > such that 

(3.2) \\\{(g n - h n )(f)}\\\ s < A s mm{|||{ 5n (/)}||| s , || \{(h n (f))}\ U 
for all f G Xp. 
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Proof. Suppose there exists X s for every s G N such that (|3.2p holds. By 
assumption, {h{(f)} G Qf for all / G X F - For any / G Xp and s G N, 

< \\\{9n(f)}\\\s 

< \\\(9n-h n )(f)}\\\ s + \\\{h n (f)}\\\s 

< K\\\{h n (f)}\\\ s + \\\{h n (f)}\\\ s 
= (1 + X s )\\\{h n (f)}\\U 

< (l + \ s )(\\\{(g n -h n )(f)}\\\ s + \\\{g n (f)}\\\s) 

< (1 + A s ) 2 |||{ ffn (/)}III, 

< (1 + X,) 2 B, 



So we have 



l + Xs 



<\\\{h n (f)}\\\ s <(l + X s )B s \\f\\ 



Let V = SD. Then V{{h n (f)}) = SD({h n (f)}) = f, i.e. {{h n },V) is a 
Frechet frame for Xp with respect to Qf- 

Conversely, suppose ({gi}, <S) and {{h n }, V) are Frechet frames for Xp with 
respect to 0^ with bounds A S ,B S and A' S ,B' S , respectively. Then, by using 
the inequalities, we get 

\\\{(9n ~ K)(f)}\\\s < (1 + ^)\\\{9n(f)}\\\s, feXp 

and 

\\\{(9n ~ K)(f)}\\\ s < (1 + |r) lll{^(/)}||| S , / G Xp. 

Choose X s := Max{l + ^, 1+%-}, therefore <$3?2$) holds for any / G Xp. □ 

Theorem 3.4. Let {{gi}, 5") be a Frechet frames for X s with respect to © s . 
Let {hi} G X F such that {hi(f)} G Qf for all f G Xp and let D : 0^ — > 
@F be a continuous ( or F-bounded) linear operator such that D{g n (f)} = 
{h n (f)}, f G Xp. Let {a n } and {(3 n } be sequences of positive numbers for 
which < inf a n < sup a n < oo and < inf j3 n < sup j3 n < oo. If for any 
s G N there exist non negative scalers X s ,fi s G [0, 1[ and j s such that 

(1) \\S\\ s7s < (1-A s )(infa n ) 

(2) |||{(a n5n - (3nK)f}\\\s < A s |||{(a n5n )/}||| s + fi s \\\{({3 n h n )f}\\\ s + 
j a \\f\\ s ,Vf e X F , 

then there is a F-bounded operator V : @ F — > Xp such that ({hi},V) is a 
Frechet frame for Xp with respect to Qf. 

Proof. Let W : X F -»■ Q F with Wf := {gi(f)} for all / G X F . Then 
SW : Qf — > Qf is an identity operator and for all s G N 

= l|fiw/ll.<ll%lllte(/)}|||.. 
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s 

s 



Now, 

\\\{(PnK)f}\\\s < \\\{(a n g n )f}\\\ s + \\\{(a n g n -(3 n h n )f}\\\ t 

< ll|{K5n)/}||| s +A s |||{(a n5n )/}||| s 

+ v s \\\{(/3 n h n )f}\\\ s+ls 

for all s G N and / G Xp. Therefore 

(1 - »s)\\WnK)f}\\\s < ((1 + X s )\\W\\ s (supa n ) + 7s )| 

also 

(1 - f, s ){mf p n )\\\{(h n )f}\\\ s < (l-ti a )\\\{(/3 n h n )f}\\\. 

< ((l + A a )||W|| a (supa n ) + 7 a )| 

By using (2), we have: 

(1 + M.)III{(^W}|||. > (l-A s )|||{(a n5n )/}||| s - 7 s 

> ((l-A g )||5||7 1 (infa n )- 7s )| 

for all / G Xp and s G N. Therefore 

(l + /^)(sup/3„)||j{(/i n )/}||| s > (1 + ^)III{(AA0/}III. 

> ((l-A^HSir^infan) - 7 . 

for all / G Xp and s G N. The above inequality shows the frame bounds. 
Let V = SD. Then V is a bounded operator that V{h n (f)} = f, for all 
/ G Xp. Therefore ({hi},V) is a Frechet frame for Xp with respect to 
Qp. □ 

Theorem 3.5. Let ({gi},V) be a Frechet frame for X p with respect to &p. 
Suppose Ai s , A2 a , /i s > such that max{A2 s , X% 3 + ^ s Bs} < 1 for all s G N 
and S : Qp — > Xp a continuous operator such that for any {q} G @p and 
s G N 

(3.3) \\S{ci} - V{ Cl }\\ s < Ai||^{ci}|| a + \2 s \\S{ci}\\ s + fj.s\\\{ci}\\\s 

then there exists a {hi} C X* F such that ({h{},S) is a Frechet frame of Xp 
with respect to Qp. 

Proof. For f & Xp, let q = g%(f) in (j3.3|) . then we have 

ll^{^(/)>-^{^(/)}IU < A 1 J|V-te(/)>|| s + A 2 J|5'te(/)>|U-h Ais |||te(/)}|IU 
since V({5»(/)}) = /, so 

\\S{9i(f)} - f\\ s < AiJ|/}|| s + A 2s \\S{ gi (f)}\\s + HsBsWfl.. 
Let L(/) := S{ 9i (f)}, so 

||/-i/||.<AiJ|/|| a + A 2 ,||L/|| a + Ma B s ||/|. 

or 

\\f-Lf\\ s <(\ ls +pL s B s )\\f\\ s + \ 2s \\Lf\\ s . 
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Lemma 13. II results that the operator L is invertible and 
1-A 2s „,„ „ Ilr _i,„ „ 1 + A 2a 



<\\L- l f\\ s < 



1 + Ai s + nB s " A " 11 1 (Ai s + Hs)B s 

and / = LL- l f = S({gi(L~ l f)}). It is clear that {g l (L- 1 f)} C X*. By 
choosing /ij = gi o L , we have 

lll{W)}|||. = lilted 1 /)}!!!, > ^IIIL^HIs > ^C 1 ~ 

and 

\\\{hi(f)}\\\.<B.\\L- 1 f\\'< B - n + X " 



1 - (A ls + fjL 8 B a ) 

□ 

Theorem 3.6. Let ({gi},S) be a F-frame for Xp with respect to ®f- Let 
{hi} C Xp. If for every s G N there exist A s ,/i s > such that 

(1) A s ||£/|| + Ms < H5HJ 1 , 

(2) \\\{(gi-hi)f}\\\ s < \ s \\\{(9i)f}\\\s+»s\\f\\ s forallse N and f G X F . 
ITien i/iere is a continuous operator T such that ({/ij},T) is a F-frame for 
Xp with respect to Of. 

Proof. It is a direct result of (2) that the operator V : Xp — > Qp defined by 
V f := {hi(f)} is bounded and 

\\\Uf-Vf\\\ s <X s \\\Uf\\\ s + f, s \\f\\ s 

for all s £ N and / G Xp. Therefore, 

(3-4) \\\Vf\\\ s <{\\U\\s + K\\U\\ s + ^)\\f\\s 

for all s G N and / G Xp. Also, SU = I imply that 

P"-£V|| a < ||S'|| s (A s ||C/|| s + /x s ) < 1. 

Therefore SV is invertible and IKSV) -1 !!. < (l - (M\U\\ S + n)\\S\\ a ))~ l . 
Finally T = (SV^S and TV = I. For all / G A F and s G N 

(3.5) ii/ii.<imi..iii^iii,< 1 _ (At|| ^ ) ,, ) || S ||, infill- 

f|3.4j) and (13. 5p which imply that for every s G N and / G Xp: 
1 ~ (Asll ^ /Xs)l|5|ls ll/IU < \\\{hi(f)}\\\s < (\\U\\s + K\\U\\ s + » s )\\f\\ s . 
So ({hi},T) is a F-frame for Xp with respect to O^. 

□ 
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